Spherically averaged extracule densities in position, d(R), and momentum, d ( P), spaces have been calculated for the atoms helium to neon starting from explicitly correlated wave functions. Correlated values for the electron-electron counterbalance density in position, d(0), and in momentum, d (0), spaces, and also for the expectation values ͗R n ͘ and ͗P n ͘ are reported. A systematic study of the electronic correlation has been performed by comparing the correlated results with the corresponding Hartree-Fock ones.
I. INTRODUCTION
Two-electron properties for atoms and molecules can be studied in terms of both the interelectronic or intracule, I(r ជ 12 ), and the center of mass or extracule, E(R ជ ), densities, 1,2 which represent the probability density function for a pair of electrons having a relative vector r ជ 12 or a center of mass vector R ជ , respectively. The corresponding intracule, Ī(p ជ 12 ), and extracule, Ē ( P ជ ), densities in momentum space represent the probability density function for a pair of electrons having a relative momentum p ជ 12 or a center of mass momentum P ជ , respectively. The intracule density in position space plays an important role in several physical and chemical problems such as, for example, the electron correlation problem or the interpretation of the Hund rules. [3] [4] [5] For few electron atoms it has been calculated by using highly accurate correlated wave functions, [3] [4] [5] [6] [7] [8] [9] [10] leading to an extensive study of its properties. For heavier atoms the results known are more scarce. Recently, its radial moments and the value of the density at the coalescence point have been obtained within the numerical Hartree-Fock framework for the atoms helium to xenon. 11, 12 Correlated results have been obtained within a configuration interaction scheme 13 for the atoms of the second and third row, and, more recently, 14 from energy-derivative twoelectron reduced density matrices, for some light atoms. It has been also obtained for the atoms helium to neon starting from explicitly correlated wave functions by means of the Monte Carlo method. 15, 16 The intracule or interelectronic density in momentum space has been also studied both within the Hartree-Fock framework 11 and within a configuration interaction scheme for two-and three-electron atoms. [17] [18] [19] Recently 20 it has been obtained from explicitly correlated wave functions for helium to neon atoms. The effects of electronic correlations on this density are much less important than on its counterpart in position space.
Much less work has been done for the extracule densities in position and momentum spaces. These densities are defined as
respectively. Here ␣ i is the spin coordinate and 21 and the value of the counterbalance density in position, d(0), and momentum, d (0), spaces 12 have been calculated. Also the so called electron-electron counterbalance hole, which states that two electrons with the same spin and the same inversion symmetry do not contribute to the value of the corresponding counterbalance density, has been established. 22 Finally, a study of the structure of the extracule density in position and momentum spaces for the atoms helium to xenon, within the Hartree-Fock framework, has been carried out. 23 In this work we calculate the extracule densities in position and momentum spaces for the atoms helium to neon starting from correlated wave functions. We use the Monte Carlo method to deal with the integrals involved in the calculation of these two electron densities. This technique allows one to evaluate the expectation value of any operator between wave functions of any type, becoming a powerful tool in quantum chemistry calculations. 24 Then a systematic study of the effect of the electronic correlations in these quantities is performed.
The structure of this work is as follows. In Sec. II we describe the functional form of the wave functions with which we have worked, giving their main properties. We also discuss the computational method used to calculate the different expectation values. In Sec. III we show all the correlated results obtained in the present work. Finally, in Sec. IV we give the main conclusions of the present study. Atomic units are used throughout this paper.
II. CORRELATED WAVE FUNCTION AND EXTRACULE DENSITIES
The structure of the correlated wave function, ⌿, used in this work is the product of a symmetric correlation factor, F, which includes the dynamic correlation among the electrons, times a model wave function, ⌽, that provides the correct properties of the exact wave function such as the spin and the angular momentum of the atom, and is antisymmetric in the electronic coordinates:
⌿ϭF⌽. ͑3͒
For the correlation factor we use the form of Boys and Handy
The parameters b and d represent the inverse of the effective range of the correlations and have been fixed at the value of 1 in the present calculation.
The set of the values for the m k , n k and o k determines the parametrization selected for the generalized Jastrow factor. In this work we take the values proposed by Schmidt and Moskowitz 26 by using arguments based on the requirement of the local current conservation.
For the model wave function, ⌽, there are several options. One of them works with a single Slater determinant obtained within the Roothaan-Hartree-Fock framework and the total wave function thus obtained is denoted by ⌿ n , where n stands for the number of variational parameters in the correlation factor. Others take into account the 2s-2p near degeneracy effect 27 for beryllium, boron and carbon and use a multideterminant wave function. The wave functions thus obtained are labeled as ⌿ n,1 .
A study about the quality of these wave functions in obtaining the energy and some other ground state properties has been previously reported 16, 26, 28, 29 leading to the conclusion that the best wave function in describing each atom is ⌿ 17 for helium and for nitrogen to fluorine, ⌿ 7 for lithium, ⌿ 10,1 for beryllium, ⌿ 17,1 for boron and carbon and ⌿ 9 for neon. These are the wave functions we have worked with in the present work.
The use of the Monte Carlo algorithm in building d (R) and in calculating its moments ͗R n ͘ is straightforward. However, due to the explicit dependence of these wave functions on the interelectronic distance, it is not possible to calculate analytically their Fourier transform, i.e., the momentum space wave functions. Therefore, to calculate the extracule density in momentum space we start from the following relation
where Ē ␣␣ Ј ( P ជ ) is the contribution to Ē ( P ជ ) from all the electron pairs with spin ␣␣Ј, d r means integral over r ជ 1 . . . .r ជ N and sum over ␣ 1 , . . . ,␣ N , the sum also runs over ␣ 1 Ј and ␣ 2 Ј , N ␣␣ Ј is the number of electron pairs with spin ␣␣Ј, and
To calculate Ē ␣␣ Ј ( P ជ ) by means of the Monte Carlo algorithm we use the identity
which allows us to write Eq. ͑7͒ as
where () stands for the distribution function used in the Monte Carlo sampling. We have used two different distribution functions in the present work. The first one has been
works adequately except for describing the low P region in the atoms beryllium, boron and carbon. The second one has been taken as exp͓Ϫr 1 Ј͔͉⌿͉ 2 and has been introduced to improve the results in the low P region for beryllium, boron and carbon atoms. A more detailed description of the method can be seen in Ref. 20 . Once obtained the extracule momentum density one can evaluate the expectation values ͗P n ͘ by means of
However, due to the long tail of the momentum distributions it is not possible to obtain them accurately starting from the Monte Carlo calculation of d ( P). To avoid this problem we shall follow the method described in Ref. 20 , which makes use of the asymptotic behavior of the integrand. Although for the extracule momentum density this behavior has been not analytically shown, we conjecture it is
This asymptotic behavior is similar to the one found for the single-particle momentum density. 30 We have tested the method used here to determine the different momentum properties within the Hartree-Fock framework. In Table I 
III. RESULTS
To the best of authors' knowledge there are not previous studies on the effect of electronic correlations on the extracule density in position, d(R), and momentum, d ( P), spaces. These densities will be now examined with the use of the wave functions we are working with.
In Fig. 1 we plot, for the atoms helium to neon, the difference function ⌬⌸(R)ϭ4R ciple, one should expect this function to be positive for small and medium values of R and negative for the rest. This picture corresponds to the fact that correlations tend to increase the probability density for finding the electrons at opposite sides of the nucleus in order to increase the interelectronic separation between them and thus to reduce the electrostatic interaction energy among the electrons. A similar interpretation was given to explain the Hund-rule for triplet and singlet states in two electron atoms. 32, 33 However, the results here obtained show that, on average, this interpretation only holds for the lighter atoms helium to boron but not for the heavier systems carbon to neon. A more detailed analysis is now provided.
As we can see in Table II , the helium atom is the only system for which the correlated value of d(0) is smaller than the corresponding Hartree-Fock one, leading to a small minimum in the difference function ⌬⌸(R) near Rϭ0, becoming positive for still small values of R. Thus, on average, one could state that electronic correlations make the electrons seek positions in which the probability is bigger to find them at small values of R. For lithium to boron, the positive part of the difference function ⌬⌸(R) is more important for low values of R. Thus in these cases the interpretation mentioned above is still valid. However, for carbon to neon atoms the behavior of ⌬⌸(R) is opposite to the mentioned for lighter atoms, i.e., near Rϭ0 the negative part of this function predominates. Thus the electrons in the correlated state do not seek a position in which they are on opposite sides of the nucleus. To understand this behavior we have to take into account that, contrary to what happens in lighter atoms, electronic correlations make atoms carbon to neon bigger, i.e., the radius ͗r͘ increases when electronic correlations are included in the wave function 34 and the distance between the electrons increases on average. Thus, this is the way that atoms with a large number of electrons reduce the interaction energy among the electrons and, consequently, reduce the total energy of the atom.
In Table II der are bigger than the Hartree-Fock ones while the moments of positive order are smaller. For carbon to neon the electronic correlations diminish the moments of negative order and increase those of positive order.
In the following discussion we comment on the momentum extracule density. Contrary to what happens with its counterpart in position space, a systematic effect of the electronic correlations on this density is found for all the atoms Fig. 2 for atoms nitrogen to neon. studied in this work. As we can see in Figs. 2 and 3 , where we compare the correlated extracule momentum density with the corresponding Hartree-Fock one for the atoms helium to carbon and nitrogen to neon, respectively, the effect of electronic correlations is to diminish the density for low values of P. This effect is more important for the beryllium atom for which a reduction of about 30% in the value of d (0) is found. It is also worth mentioning that electronic correlations do not modify the structure of the extracule density, i.e., it is a monotone decreasing function, except for the lithium atom, for which it shows a maximum at a value of the center of mass momentum larger than zero whose position is not modified by the electronic correlations.
In Fig. 4 we plot the contributions to d ( P) coming from electron pairs with parallel and antiparallel component for the atoms helium to carbon. It is apparent how the parallel component, i.e., the contribution from a pair of electrons one in the 1s and other in the 2s shell, is responsible for the maximum in the extracule density for the lithium atom. Besides, the parallel component is zero at Pϭ0 for lithium and beryllium and is nonzero for all the rest of atoms. This is because, as was shown earlier within the Hartree-Fock framework, 22 
FIG. 5. Difference function ⌬⌸ ( P)
for the atoms helium to neon.
where d c ( P) is the correlated extracule density for each atom and d HF is the corresponding Hartree-Fock one. As we can see, this function shows a hole for low values of P for all atoms studied here. The lithium atom is the one for which this difference function is least important, while beryllium atom is the one for which it is most important. The significance of this hole diminishes as the first half of the 2p-subshell is filled and increases as the second half of this subshell is filled. Finally, let us comment that the results obtained for ⌬⌸ ( P) for the lithium atom are very close to zero, but with quite large statistical errors. Thus, for this atom the results shown in Fig. 5 are less secure.
In Table III 
IV. CONCLUSIONS
Extracule densities in position and momentum spaces have been calculated starting from explicitly correlated wave functions for helium to neon atoms. The effects of the electronic correlations have been studied by comparing the correlated results with the Hartree-Fock ones. The correlated extracule density in momentum space shows a Coulomb hole around the counterbalance density, i.e., around Pϭ0. The extracule density in position space does not show such simple structure, although the form of ⌬⌸(R) can be interpreted in terms of the electrostatic interaction energy and the size of the atoms. 
